
Introduction

It has been shown theoretically [1–5] that the electro-
phoretic mobility of a colloidal particle covered with an
ion-penetrable uncharged polymer is quite different from
that of a bare particle without a polymer layer. Recently,
the author derived an approximate analytic expression
for the electrophoretic mobility [3, 4], which corresponds
to a modification of Henry’s function [6] by taking into
account the presence of the polymer layer. This expres-
sion is applicable for all values of ja (where j is the
Debye–Hückel parametr and a is the particle radius),
but it is correct to the first order of the particle zeta
potential and thus can be used only when the particle
zeta potential is low. The purpose of the present study is
to extend the previous theory [3], and derive an
approximate analytic expression of the electrophoretic
mobility of a charged spherical particle covered with an
ion-penetrable uncharged polymer layer that is appli-
cable for large ja but for all values of the particle zeta
potential. Our theory is based on our previous theory [3]
as well as on theories for the electrophoretic mobility of
polyelectrolyte-coated particles, which are called soft

particles [7–9]. The approximation method used in the
present work is similar to that of our previous studies on
electrophoresis of a bare particle without a polymer
layer [10].

Fundamental electrokinetic equations

Consider a charged spherical colloidal particle covered
with an ion-penetrable uncharged polymer layer moving
with a velocity U in a symmetrical electrolyte solution of
bulk concentration n¥ and valence z in an applied elec-
tric field E. We may assume that the particle core is
positively charged without loss of generality. We regard
the potential at the surface of the particle core as the
particle zeta potential f. We also assume that the
charged particle core of radius a is coated with an ion-
penetrable layer of uncharged polymers with thickness d.
The polymer-coated particle has thus an inner radius a
and an outer radius b ” a + d (Fig. 1). The origin of
the spherical polar coordinate system (r, h, /) is held
fixed at the center of the particle core and the polar axis
(h=0) is set parallel to E. Let the drag coefficient of
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cations (co-ions) be k+ and that of anions (counterions)
be k), respectively. We adopt the model of Debye–
Bueche [11, 12], in which the polymer segments are re-
garded as resistance centers distributed uniformly in the
polymer layer, exerting frictional forces on the liquid
flowing in the polymer layer.

The main assumptions in our analysis are as follows.
(1) The Reynolds numbers of the liquid flows outside
and inside the polymer layer are small enough to ignore
inertial terms in the Navier–Stokes equations and the
liquid can be regarded as incompressible. (2) The applied
field E is weak so that the particle velocity U is pro-
portional to E and terms of higher order in E may be
neglected. (3) The slipping plane is located on the par-
ticle core. (4) No electrolyte ions can penetrate the
particle core. (5) The polymer layer is permeable to
mobile charged species. (6) The relative permittivity er
takes the same value both inside and outside the polymer
layer.

The fundamental electrokinetic equations are given
by

gr�r� uþ cuþrp þ qelrw ¼ 0; a\r\b; ð1Þ

gr�r� uþrp þ qelrw ¼ 0; r > b; ð2Þ

r � u ¼ 0; ð3Þ

v� ¼ u� 1

k�
rl�; ð4Þ

r � ðn�v�Þ ¼ 0; ð5Þ

qelðrÞ ¼ zefnþðrÞ � n�ðrÞg; ð6Þ

l�ðrÞ ¼ l1� � ze wðrÞ þ kT ln n�ðrÞ; ð7Þ

DwðrÞ ¼ � qelðrÞ
ereo

; ð8Þ

where u(r) is the liquid velocity at position r relative to
the particle, v+ and v) are, respectively, the velocity of
cations and anions, p(r) the pressure, qel(r) the space
charge density at position r resulting from electrolyte
ions, given by Eq. 6, w(r) the electric potential, l+(r)
and n+(r) are, respectively, the electrochemical potential
and the concentration (the number density) of cations,
and l)(r) and n)(r) are those for anions, and l±

¥ is a
constant term in l±(r). Equations 1, 2 and 3 are the
Navier–Stokes equations and the equation of continuity
for an incompressible flow under assumption (1). The
term cu in Eq. 1 represents the frictional forces exerted
on the liquid flow by the polymer segments in the
polymer layer, where c is the frictional coefficient [11,
12]. Equation 4 expresses that the flow v±(r) of elec-
trolyte ions is caused by the liquid flow u (r) and the
gradient of the electrochemical potential l±(r), given by
Eq. 7. Equation 5 is the continuity equation for elec-
trolyte ions and Eq. 8 is Poisson’s equation. The drag
coefficients k± of cations and anions are further related
to the limiting conductances L±� of cations and anions
by

k� ¼
NAe2z
Ko
�

: ð9Þ

For K+ and Cl) ions, the values of L� are 73.5·10)4

and 76.3·10)4 m2 W)1 mol)1, respectively.
We assume that the slipping plane, at which the liquid

velocity u relative to the particle is zero, coincides the
particle core surface at r= a (assumption (3)). Then, the
above electrokinetic equations must be solved under
the following boundary conditions.

u ¼ 0 at r ¼ a; ð10Þ

u! �U as r !1: ð11Þ

In the stationary state, the net force acting on the
particle or an arbitrary volume enclosing the particle
must be zero. Consider a large sphere S of radius r
containing the particle (plus the electrical double layer
around the particle) at its center. The radius r of S is
taken to be sufficiently large, so that the net electric
charge within S is zero. There is then no electric force

Fig. 1 A spherical particle composed of a charged core covered
with an ion-penetrable uncharged polymer layer moving steadily
with velocity U in an applied electric field E. a radius of the particle
core. d thickness of the polymer layer covering the particle core.
b = a + d
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acting on S, and we need to consider the only hydro-
dynamic force FH, which must be zero, i.e.,

FH ¼
Z

S

r � n̂ dS ! 0 as r!1; ð12Þ

where the integration is carried out over the surface of S,
r is the hydrodynamic stress tensor and n_ is the outward
normal to S. Finally, the boundary condition for the
velocity of the ionic flow v± is given by

v� � n̂jr¼a¼ 0; ð13Þ

which states that no electrolyte ions can penetrate the
particle surface (assumption (4)). The boundary condi-
tions for u(r) and v±(r) at the boundary at r = b be-
tween the polymer layer and the surrounding solution
are given as follows. The normal and tangential com-
ponents of the velocity u(r) are continuous at r = b. The
normal and tangential components of the stress tensor
are continuous at r = b. The potential w(r) and the
electric field )�w(r) are continuous at r = b. The con-
tinuity of )�w(r) results from the assumption (6). Thus,
the normal and tangential components of Maxwell’s
stress are continuous at r = b. Therefore, the normal
and tangential components of the hydrodynamic stress
must be continuous at r = b.

Linearized equations

Under assumption (2), we may write

n�ðrÞ ¼ nð0Þ� ðrÞ þ dn�ðrÞ; ð14Þ

wðrÞ ¼ wð0ÞðrÞ þ dwðrÞ; ð15Þ

l�ðrÞ ¼ lð0Þ� þ dl�ðrÞ; ð16Þ

qðrÞ ¼ qð0ÞðrÞ þ dqðrÞ; ð17Þ

where the quantities with superscript (0) refer to those at
equilibrium, i.e., in the absence of E, and l±

(0) is a
constant independent of r.

We assume that the distribution of electrolyte ions at
equilibrium n(0) (r) obeys the Boltzmann equation and
the equilibrium potential w(0) (r) outside the particle core
satisfies the Poisson–Boltzmann equation, both being
functions of r (=|r|) only, viz.,

nð0Þ� ðrÞ ¼ n1 exp � zewð0Þ

kT

 !
; ð18Þ

1

r2
d

dr
r2
dwð0Þ

dr

 !
¼ �qð0Þel ðrÞ

ereo
ð19Þ

with

qð0Þel ðrÞ ¼ ze nð0Þþ ðrÞ � nð0Þ� ðrÞ
n o

¼ zen1 exp � zewð0Þ

kT

 !
� exp

zewð0Þ

kT

 !( )
:

ð20Þ

The boundary condition for w(0)(r) are

wð0ÞðaÞ ¼ f; ð21Þ

wð0ÞðrÞ ! 0 as r!1; ð22Þ

where f is the potential at the surface of the particle core,
i.e., the zeta potential of the particle.

Further, symmetry considerations permit us to write

uðrÞ ¼ � 2

r
hðrÞE cos h;

1

r
d

dr
ðrhðrÞÞE sin h; 0

� �
; ð23Þ

dl�ðrÞ ¼ �ze/�ðrÞE cos h; ð24Þ

where E = |E| and e is the elementary electric charge.
The fundamental electrokinetic Eqs. 1, 2, 3, 4 and 5 can
be transformed into equations for h(r) and f(r), which
are expressed as [7–9]

L/� ¼ �
dy
dr

d/�
dr
� 2k�

ze
h
r

� �
; ð25Þ

LðLh� k2hÞ ¼ GðrÞ; a\r\b; ð26Þ

LðLhÞ ¼ GðrÞ; r > b ð27Þ

with

GðrÞ ¼ � ereoj2

2g
kT
ze

� �
dy
dr

e�y /þðrÞ
r
þ ey /�ðrÞ

r

� �
; ð28Þ

k ¼ c
g

� �1=2

; ð29Þ

yðrÞ ¼ zewð0ÞðrÞ
kT

; ð30Þ

j ¼ 2n1z2e2

ereokT

� �1=2

: ð31Þ

Here, L = d2/d r2 + (2/r)d/d r ) 2/r2, y is the scaled
equilibrium potential and j is the Debye–Hückel
parameter.

The boundary conditions for u(r) and v±(r) are
expressed in terms of h and /± as follows [9].

d/�
dr

����
r¼a
¼ 0; ð32Þ
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/�ðrÞ ! r as r!1; ð33Þ

h ¼ dh
dr
¼ 0 at r ¼ a; ð34Þ

hðrÞ ! U
2E

r þ O
1

r

� �
as r!1; ð35Þ

hðbþÞ ¼ hðb�Þ; ð36Þ

dh
dr

����
r¼bþ
¼ dh

dr

����
r¼b�

; ð37Þ

d2h
dr2

����
r¼bþ
¼ d2h

dr2

����
r¼b�

; ð38Þ

d

dr
rðLhÞ½ �

����
r¼bþ
¼ d

dr
rðLh� k2hÞ
� �����

r¼b�
; ð39Þ

where U = |U|.
Equation 25 subject to boundary conditions (32) and

(33) can formally be integrated to give

/�ðrÞ ¼ rþ a3
2r2 �

1
3 rþ a3

2r2

� 	 R1
a

dy
dx

d/�
dx �

2k�
ze

h
x

� 	
dx

� 1
3

Rr
a

r� x3
r2

� 	
dy
dx

d/�
dx �

2k�
ze

h
x

� 	
dx:

ð40Þ

Similarly, integration of Eqs. 26 and 27 subject to
boundary conditions (34) and (35) yields

hðrÞ ¼ 1

3k2
�r
Zr

b

Gðr0Þdr0 þ 1

r2

Zr

b

r03Gðr0Þdr0

2
4

3
5�C1r

k2

� C2

k2r2
þ 1

k3

Zr

b

r0

r
� 1

k2r2

� �
sinh ½kðr� r0Þ�

�

� r0

kr2
� 1

kr

� �
cosh ½kðr� r0Þ�

�
Gðr0Þdr0

þC3
kcosh ½kðr� bÞ�

r
� sinh ½kðr� bÞ�

r2

� �

þC4
k sinh ½kðr� bÞ�

r
� cosh ½kðr� bÞ�

r2

� �
; a6r6b;

ð41Þ

and

hðrÞ ¼ U
2E

rþD1

r2
þ r3

30

Zr

1

Gðr0Þdr0 � r
6

Zr

1

r02Gðr0Þdr0

þ 1

6

Zr

1

r03Gðr0Þdr0 � 1

30r2

Zr

1

r05Gðr0Þdr0 r> b: ð42Þ

The integration constants C1)C4 and D1 in Eqs. 41 and
42 are determined so as to satisfy the boundary condi-
tions (34), (35), (36), (37), (38) and (39).

General expression for electrophoreric mobility

The electrophoretic mobility l = U/E (where U = |U|)
can be calculated from Eq. 42 as

l ¼ 2 lim
r!1

hðrÞ
r
: ð43Þ

The result is [9]

l ¼ b2

9

Z1

b

3 1� r2

b2

� �
� 2L2

L1
1� r3

b3

� �
 �
GðrÞ dr

þ 2L3

3k2L1

Z1

a

1þ r3

2b3

� �
GðrÞdr

� 2

3k2

Zb

a

1� 3a

2k2b3L1

ðL3 þ L4krÞ cosh ½kðr � aÞ�f



�ðL4 þ L3krÞ sinh ½kðr � aÞ�g
�

GðrÞ dr

ð44Þ

with

L1 ¼ 1þ a3

2b3
þ 3a

2k2b3
� 3a2

2k2b4

� �
cosh ½kðb� aÞ�

� 1� 3a2

2b2
þ a3

2b3
þ 3a

2k2b3

� �
sinh ½kðb� aÞ�

kb
; ð45Þ

L2 ¼ 1þ a3

2b3
þ 3a

2k2b3

� �
cosh ½kðb� aÞ�

þ 3a2

2b2
sinh ½kðb� aÞ�

kb
� 3a

2k2b3
; ð46Þ

L3 ¼ cosh ½kðb� aÞ� � sinh ½kðb� aÞ�
kb

� a
b
; ð47Þ

L4 ¼ sinh ½kðb� aÞ� � cosh ½kðb� aÞ�
kb

þ ka2

3b
þ 2kb2

3a
þ 1

kb
:

ð48Þ

Approximate mobility expression for large ja

In a previous study (3), we derived an analytic approx-
imate expression for the electrophoretic mobility l
applicable for all values of ja at low zeta potential f on
the basis of the general expression (44) for the
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electrophoretic mobility l. In the present study, we de-
rive an approximate expression applicable for all values
of f at large ja with the help of an approximation
method as developed in a previous study [10] for the
electrophoretic mobility of a bare particle.

For large ja, since the principal contribution to the
integral in Eq. 44 comes from the region r ) a�1/j, we
may regard (r ) a)/a as of the order of 1/ja and expand
the integrand of Eq. 44 around r = a, obtaining

l ¼ aðL3 þ kaL4Þ
2k2b3L1

Z1

a

ðr � aÞ2GðrÞ dr þ O
1

ja

� �
: ð49Þ

Further, for large j a, the Poisson–Boltzmann Eq. (19)
as combined with Eq. 20 becomes the following planar
Poisson–Boltzmann equation:

d2y
dr2
¼ j2 sinh y: ð50Þ

The solution to Eq. 50 is given by

yðrÞ ¼ 2 ln
1þ ce�jðr�aÞ

1� ce�jðr�aÞ


 �
; ð51Þ

where

c ¼ tanh
zef
4kT

� �
: ð52Þ

It can be shown from Eq. 40 that

/�ðrÞ
a
¼ /�ðaÞ

a
þ O

1

ja

� �
ð53Þ

with

/�ðaÞ
a
¼ 3

2
� 1

2

Z1

a

dy
dr

d/�
dr
� 2k�

ze
h
r

� �
dr

¼ 3

2
þ
Z1

a

ð1� e�yÞ /�ðaÞ
a2
� k�

ze
d

dr
h
r

� �
 �
dr

þ O
1

ja

� �
:

ð54Þ

We again note that for large j a, we may regard (r ) a)/a
as of the order of 1/ja and expand the quantity in the
integrand of Eq. 42, obtaining

d

dr
h
r

� �
¼ 1

2a

Zr

a

ðr� aÞ2GðrÞdr� 1

2a
ðr� aÞ2

�
Z1

r

GðrÞdrþ 1

a
ðr� aÞ

Z1

r

ðr� aÞGðrÞdr:

ð55Þ

By substituting Eq. 55 into Eq. 54 and using Eq. 51, we
have

/þðaÞ
a
¼ 3

2
þ O

1

ja

� �
; ð56Þ

/�ðaÞ
a
¼ 3

2ð1þ F Þ þ O
1

ja

� �
ð57Þ

with

F ¼ 2

ja
ð1þ 3m�Þ exp

zef
2kT

� �
� 1

� �
; ð58Þ

where

m� ¼
2ereokT
3gz2e2

k� ð59Þ

is the scaled drag coefficient of anions (counterions) and
F corresponds to Dukhin’s number. Note that Eqs. 56
and 57 are the same as the leading terms of the corre-
sponding expressions for /±(a) for a bare particle
(correct to O(1/ja)) [10]. By substituting Eqs. 56, 57,
and 51 into Eq. 49, we finally obtain, by neglecting
terms of order 1/ja,

l ¼ 3aðL3 þ kaL4Þereo

2gk2b3L1

� f� 2F
1þ F

kT
ze

� �
ln

1þ expðzef=2kT Þ
2


 �� �
;

ð60Þ

which is the required expression for the large ja
mobility formula for a spherical particle coated with a
neutral polymer layer. Equation (60), which is
obtained by neglecting terms of O(1/ja), is correct to
O(1).

Results and discussion

We have derived an approximate analytic expression
(60) for the electrophoretic mobility l of a spherical
particle coated with a neutral polymer layer. It is shown
that the mobility depends not only on the particle zeta
potential f (which is the surface potential of the particle
core) and ja, but also on the thickness d and the fric-
tional coefficient c (or k) of the polymer layer. If each
polymer segment exerts the Stokes resistance 6pg apu on
the liquid flow in the polymer layer, then c is given by
c=6pgapNp, where Np and ap are the number per unit
volume and the radius of a polymer segment composing
the polymer layer, respectively. The parameter k is thus
given by (6papNp)

1/2. When ap=0.7 nm and Np=0.1 M,
for example, k amounts to 8.9·108 m)1, i.e., 1/
k=1.1 nm. The relaxation effects, which become
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appreciable for high zeta potentials, are taken into ac-
count through the parameter F, given by Eq. 58 (which
corresponds to Duhkin’s number). Equation (60) is an
approximate formula applicable for all values of f at
large ja. Since Eq. 60 is derived by neglecting terms of
the order of 1/ja, it is expected to be applicable for
ja‡ca. 30 with tolerable errors.

In Fig. 2, we give some examples of the calculations
of the electrophoretic mobility l of a spherical particle
covered with an uncharged polymer layer in an aqueous
KCl solution at 25 �C (g=0.891 mPa s, er=78.54, and
m) = 0.169, corresponding to Cl) ions) as a function of
the scaled zeta potential zef/kT for kd=0 (bare particle),
1 and 2 for k a=100 and j a=100, where Em is the
scaled electrophoretic mobility defined as

Em ¼
3gze

2ereokT
l ð61Þ

so that

Em ¼
9aðL3þ kaL4Þ

4k2b3L1

� zef
kT

� �
� 2F
1þ F

ln
1þ exp ðzef=2kT Þ

2


 �� �
:

ð62Þ

Figure 2 shows that Em depends strongly on kd and
that Em of a polymer-coated particle exhibits a maxi-
mum as in the case of a bare particle (kd fi 0) due to
the relaxation effects. When a fi b, the surface polymer
layer disappears so that the particle becomes a bare
particle and Eq. 60 becomes

l ¼ ereo
g

f� 2F
1þ F

kT
ze

� �
ln

1þ exp ðzef=2kT Þ
2


 �� �
;

ð63Þ

which agrees with the leading term of an accurate
mobility expression for a bare particle correct to O(1/ja)
(Eq. 57 in Ref. [10]). Also, when k fi 0, the particle
becomes a bare particle and Eq. 60 reduce to (63), as
expected. On the other hand, for large ka Eq. 60 further
reduces to

l ¼ ereo
g cosh kd

f� 2F
1þ F

kT
ze

� �
ln

1þ exp ðzef=2kT Þ
2


 �� �
:

ð64Þ

We thus see that for large ka, the effect of the presence of
the neutral polymer layer is expressed simply by a factor
1/cosh(kd).

It follows from Eqs. 60 and 63 that the ratio of the
electrophoretic mobility l of a polymer-coated particle
to that of a bare particle lo is given by the following
simple relation:

l
lo

¼ 3aðL3 þ kaL4Þ
2k2b3L1

; ð65Þ

which is independent of ja. Equation (65) again be-
comes for large ka

l
lo

¼ 1

cosh ðkdÞ : ð66Þ

Figure 3 shows the ratio l/l o as a function of kd for
several values of ka. For large ka, l/lo approaches the
value given by Eq. 66 independent of ka.

In the limit of ja fi ¥, where F tends to 0 so that
the relaxation effects become negligible (Smoluchowski’s
limit), Eq. 60 becomes

l ¼ 3ereoaðL3 þ kaL4Þ
2gk2b3L1

f; ðja!1Þ: ð67Þ

When k fi 0 or d fi 0, the polymer-coated particle
becomes a bare particle without a polymer layer and
Eq. 67 becomes

l ¼ ereof
g

; ðja!1Þ: ð68Þ

Fig. 2 Scaled electrophoretic mobility Em of a spherical particle
covered with an ion-penetrable uncharged polymer layer as a
function of the scaled zeta potential zef/kT for kd=0 (bare
particle), 1 and 2. Calculated with Eq. 60 for k a=100 and ja=100
in an aqueous KCl solution at 25 �C (g=0.891 mPa s, er=78.54,
and m)=0.169, corresponding to Cl) ions)
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That is, Eq. 67 is a modification of Smoluchowski’s
formula (68) by taking into account the presence of an
uncharged polymer layer. For low zeta potential, Eq. 60
again reduces to Eq. 67, viz.,

l ¼ 3ereoaðL3 þ kaL4Þ
2gk2b3L1

f;
zef
kT
� 1

� �
; ð69Þ

which agrees with the result obtained in a previous study
[3] (Note that the quantity on the right-hand side of
Eq. 28 in Ref. [3] is equivalent to 3a (L3+kaL4)/2k

2b2 L1

appearing in Eqs. 67 and 69).
Finally, it should be noted that in the limit of very

high zeta potential f, the mobility l tends to the fol-
lowing limiting value independent of f:

l ¼ 3ereoaðL3 þ kaL4Þ
2gk2b3L1

� kT
ze

� �
2 ln 2; ðf!1Þ: ð70Þ

By comparing with Eq. 69, we see that the highly
charged particle behaves as if the zeta potentials were
(kT/ze)2 ln 2, just as in the case of bare particles [13, 14].

Conclusion

We have derived an approximate analytic expression
(Eq. 60) for the electriophoretic mobility l of a charged
spherical colloidal particle covered with an ion-pene-
trable uncharged polymer layer in an electrolyte solution
by taking into account the relaxation effects. This
expression is applicable for all values of zeta potential at
large ja (ja‡ca. 30). A simple expression (Eq. 65) is also
derived for the ratio of the electrophoretic mobility of a
polymer-coated particle to that of a bare particle with-
out a polymer layer.

Fig. 3 The ratio l/l o of the electrophoretic mobility l of a
polymer-coated particle to that of a bare particle lo as a function
of the scaled thickness of the polymer layer kd at ka=100.
Calculated Eq. 65
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